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Abstract 

By adopting the standard definition of diffeomorpfiisms for a Regge surface we 
give an exact expression of the Liouvihe action both for the sphere and the torus 
topology in the discretized case. The results are obtained in a general way by choos- 
ing the unique self-adjoint extension of the Lichnerowicz operator satisfying the 
Riemann-Roch relation. We also give the explicit form of the integration measure 
for the conformal factor. For the sphere topology the theory is exactly invariant 
under the SL{2, C) transformations, while for the torus topology we have exact 
translational and modular invariance. In the continuum limit the results flow into 
the well known expressions. 

1 Introduction 

Regge discretized approach to gravity consists in replacing regular geometries with 
piece-wise flat ones with the curvature confined to D — 2 dimensional simplices. Apart 
from applications to classical gravity such an approach has been considered as a way to 
regulate quantum gravity 0. It has also been used as the scheme suitable to perform 
numerical simulations of quantum gravity (see |^ and references therein). In two 
dimensions there is the possibility of comparing the results of Regge gravity to those of 
the continuum theory. 

Most of the discussion on Regge gravity at the quantum level has been centered on the 
integration measure 0, where the most popular choices have been of the type Ylidlifili), 
being li the bone lengths. On the other hand the continuum approach 0, which was 
developed from the analogy with gauge theories, starts from the unique ultra-local, diff- 
invariant measure, i.e. the De Witt measure. Given the infinite volume of the diffeo- 
morphism group a gauge fixing and the evaluation of the related Faddeev-Popov (F.P.) 
determinant are required. In particular in D = 2 this is the only source of a non trivial 
dynamics, being the Einstein action a topological invariant. 

In the present paper we shall maintain for the diffeomorphisms the same meaning as on 
the continuum. Thus the only difference between the continuum and the Regge approach 
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will be that in the last case one restricts the functional integration to the piece-wise flat 
surfaces. 

There is a difference between such an approach to gravity and the usual lattice dis- 
cretization of gauge theories. In fact in the last case after discretizing the space-time the 
action becomes invariant under a compact group. Thus the imposition of a gauge fixing 
is not necessary as one can factorize a finite gauge volume. On the other hand in order to 
keep the usual diff-invariance we have to maintain the description of space-time by the 
manifold structure 0. Being the symmetry group non compact the gauge fixing turns 
out to be necessary. 

Given a Regge surface there are many metrics g^u that describe such a geometry; the 
metric has to be given after having equipped our space-time with a manifold structure, 
i.e. charts with transition function which are independent of the metric. For example the 
metric 



defined on an open set which includes a triangular simplex with link lengths /i, I2, I3 and 
the analogous metric gj^J defined on an open set which covers the adjacent triangular 
simplex with link lengths I2, U, h are not compatible on the intersection region with 
/—independent transition functions. 



starting point, impose a gauge fixing and compute the associated integration measure. In 
D = 2hj far the simplest gauge fixing is the conformal one, as any metric can be described 
modulo diffeomorphisms by g^i, = g^j.^e^" where g^j^u is a background metric depending on 
the Teichmiiller parameters. After imposing the conformal gauge fixing the functional 
integral becomes an integral over the conformal factor and on the Teichmiiller parameters. 
Within our framework one integrates only over those conformal factors which describe a 
Regge surface. Thus the problem reduces to compute the quantities which appear in 
the continuum partition function in the case of a Regge geometry, while the functional 
integration becomes an integral on a finite number of parameters which describe such 




(1) 



As envisaged by Jevicki and Ninomija |^ we shall maintain the De Witt metric as the 
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surfaces. As explained in sect. ^ these parameters will be the positions of the conical 
singularities on a coordinate plane, the associated conical deficits and an overall scale 
factor. 

The first term to be computed is the functional determinant of the conformal Lich- 
nerowicz operator, i.e. the F.P. determinant. What is interesting is that with the above 
choice of parameters, describing all the Regge geometries, such a quantity can be obtained 
exactly in closed form. This will be performed by extending the technique developed by 
Aurell and Salomonson |^ for the computation of the functional determinant of the scalar 
Laplace-Beltrami operator to the Lichnerowicz operator that acts on vector fields. Such 
an extension in not straightforward [|l^, |ll| because a simple minded translation of the 
formulas for the scalar case gives rise to a wrong result. The reason is that one has to find 
out which are the boundary conditions on the vector field (and on the related traceless 



symmetric tensor field) at the singularity suitable for a compact surface. In reference ITO 



the problem of finding the correct boundary conditions has been solved by regularizing 
the conical singularities by means of a smooth geometry and then taking the limit of 
vanishing regulator. 

Here the problem will be addressed in a completely general way by looking to all 
possible self-adjoint extensions of the Lichnerowicz operator and of the related operator 
which acts on the traceless tensor field. The result is that for | < a < 2 (a is the opening 
of the cone with a = 1 for the plane) the imposition of the Riemann-Roch relation for a 
compact manifold without boundary, selects a well defined self-adjoint extension which 
coincides with the one previously found with the regularization method. Outside of the 
interval (|, 2) is not possible to satisfy the Riemann-Roch relation within the realm of 
functions. From the technical viewpoint the calculation of the determinant is performed 
similarly as in the continuum, i.e. by taking first a variation of the conformal factor and 
then integrating back the result. To this purpose it is necessary to compute the small time 
behavior of the heat kernel of the Lichnerowicz operator and of the associated operator 
that acts on the traceless symmetric tensors. 

We have examined separately the topologies of the sphere and of the torus. In both 
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cases in the continuum limit the results go over to the well known expressions. 

In the case of the sphere we have explicit invariance under the group SL{2, C) which 
corresponds to the six conformal Killing vectors of the sphere. For the torus we have 
invariance under translations. 

The expression of the integration measure for the conformal factor flows directly from 
the De Witt continuum definition. It is given by the determinant of a finite dimensional 
matrix whose elements are given by integrals which appeared in the old conformal theory 
Jl3|. One can easily derive the invariance properties of such a measure. For the sphere 



topology the measure turns out to be invariant under SL{2, C) which combined with 
the invariance of the action under the same group renders the whole theory SL{2, C) 
invariant. 

The same thing happens for the torus with regard to translations. In addition here 
the transformation properties of the action under modular transformations combined with 
those of the measure, give rise to a modular invariant integral of the Liouville action over 
the conformal factor, thus assuring the modular invariance of the partition function. This 
procedure provides a non formal proof of the modular invariance of the theory. 

It appears a notable advantage of the geometric nature of the Regge regulator the fact 
that such symmetries, like SL{2, C) for the sphere topology and translation and modular 
invariance for the torus topology, are exactly preserved at the discretized level. Obviously 
the Regge surface can be equivalently described by the conventional method of the bone 
lengths (in fact it is easy to check that one has the same number of physical degrees of 
freedom); but the choice we adopted [|12| appears more suitable for the evaluation of the 
functional integral and for the study of its symmetries. 

While with such an approach one obtains an action that in the continuum limit flows in 
the usual continuum result, it is very hard to understand how something similar could be 
obtained using the measure Hi dkf{h)- In fact in D = 2 the Einstein action is a topological 
invariant and thus all the dynamics resides in the triangular inequalities among the bone 
lengths. On the other hand for small variations of the geometry the Liouville action in 
the continuum approach can be approximately computed with one loop calculation. But 
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at the perturbative level triangular inequalities do not play any role and thus one does 
not see how a Liouville action could emerge. 

The paper is structured as follows. In sect. |^ we discuss the self-adjoint extensions 
of the conformal Lichnerowicz operator and the related heat kernels; then we impose on 
them the restrictions given by the Riemann-Roch relation. In sect. |^ we apply the above 
general results to the sphere topology and give the explicit form of the Liouville action 
for a Regge surface. Then we derive the integration measure of the conformal factor 
and prove the SL{2, C) invariance of the theory. In sect. § we give the Liouville action 
for the torus topology and prove the invariance of the functional integral under modular 
transformations. In sect. |^ we examine briefly the relation of the smooth Liouville action 
to our discretized one. In appendix ^ we give a concise summary of the continuum gauge 
fixing procedure, to which we often refer in the text; in appendix ^ we give the asymptotic 
expansion of the trace of the heat kernels; in appendix y we report the regulator procedure 
for extracting the boundary conditions at the singularities and in appendix we write 
the integral representation of the heat kernels previously discussed. 



2 Self— adjoint extension of the Lichnerowicz opera- 
tor 



We need to compute for a Regge manifold 

det'(Ptp) 



det(0a,0fe) det('0fc,'0i 



(2) 



(see eq.( [I25|) ) where the operator P takes from the 2 dimensional vector field .^^ to the 
traceless symmetric tensor field /i^^^ 

V = I (v^e. + v.^M - '^/..VO = (POm- • (3) 

Following Alvarez we go over to the complex formalism where u = + iu"^, $^{uj, u) = 
^ii) = ^1 + ^'^2 and h{uj, uj) = hcjoi = hu + ih^. The two spaces ^ and h are equipped with 
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the corresponding invariant metrics, which in the conformal gauge g = e^^duj ® duo take 
the form 

(e«,e^^)) = jd^ujeH'''^ (4) 

and 

(/,(!), /,(2)) = y'rf2^e-2-/i(i)/,(2). (5) 

It is well known that P acts diagonally on the column vector {^qi^uj) by transforming it 
into [hcjcj, h 



\0 L \(^ \ h 







;)( 






















In the conformal gauge L and L"^ assume the form 

L = 6^-^6-2'^ and Lt = -e-2'^^. (8) 

OU OUJ 

From eqs.(^), (|^ is clear that det' (P^P) = [det'(L'''L)]^ and the determinant of L^L 
is defined through the Z-function technique, i.e. — logdet'(L"l'L) = Zk{Q) = ^^^^^|s=o- 
Zx{s) is given by the heat kernel of V^L as follows 

Zk{s) = —- rftt-iTr'(e-*^^^) (9) 
i [s] Jo 

where the prime means exclusion of the zero modes. The value of det'(L"''L) can be written 
as 

-Tr'(e-*^'^) . (10) 

The standard procedure is to compute the change of Zk{0) under a variation of the 
conformal factor 

det'(LtL) 



-5 log 



det($„,$6)det(^,,*, 



-fESc^ + Finite.^o Tr [45a/C(e) - 25crn{e)] , (ir 
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and then integrating back the resuh. In the previous equation K = L'^L, H = LL\ JC 
is the heat kernel of K and Ti. is the heat kernel of H; Cq is the constant term in the 
asymptotic expansion of the trace of the heat kernel /C(t) and is related to Zk{0) by 

4' = Zk{0) + dim(Ker K). (12) 

and are the zero modes of K and H respectively. The central point in the evaluation 
of the r.h.s. of eq.(0) will be the knowledge of Cq and of /C(t) and Hit) on the Regge 
manifold for small t. As is well known such quantities are local in nature and thus we 
shall start by computing them on a single cone. 



2.1 Heat kernels /C(e) and H{e) on a cone 



In the complex u plane a cone is described by the conformal metric e"^^ = c^{ujuj] 



with 2rra the angular aperture and c a normalization constant. In the polar representation 
u = re"^^, L and L''" are given by 

-2a 



L = ie2V<^( — + -— le- 
2 \dr r d(h 



and 



1 



2 



(13) 
(14) 



d i d \ 
dr r d(j) j 

By decomposing ^ in angular harmonics ^ = Ylm=-oo ^^^'^ fmij), the eigenvalue equation 
L{e'""t' fm{r)) = X^e'^^^fmir) becomes 



_ C 2{l-a) 



+ (3 - 2a)-^ - ^(m^ + 2(« - l)m) 
dr^ r ar 



fm X f„ 



(15) 



which is solved by fm = r°' ^ J^^^—r") with u 



m+a—l 



or linear combination thereof. 



The condition of L'^{rdr) integrability at the origin dictates the choice 

.2cA 



fn 



a 



a 



for z/ > — 1 



for < 1 



(16) 



If only one of the two inequalities is satisfied there is no ambiguity, else we have that any 
linear combination of Jy and J^^ is L^-integrable. This gives rise to the problem of the 
choice of the domain of self-adjointness of the operator L^L. Moreover as L^L originates 
from {L^,L^) we shall require L^L to be really the product of an operator L and of its 
adjoint L\ with the ensuing restrictions on the domains D{L) and D{L'^). 

We shall start by looking at the domain of self-adjointness of {L'^ L)m {L^L restricted 
to the partial wave m) with —1 < < 1. First we define K = {L'^L)„i as a closed 

symmetric operator. The domain of K, D{K) will be defined by the functions ^ & L'^[r dr) 
with two derivatives and such that 

lim r-^°+^+^e = , lim r-2"+2+^^' = (17) 

r— >0 1 — >0 

for any e > 0. 

We want to find D{K'^). We have 

Jrdrn{L^L)U (18) 

/^(i^^) is given by the set of the L^(r dr) functions t] with two derivatives, and for which 

lim re-'^^f]^' - r]'0 = , G DiK). (19) 

1 — >o 

From the definition of D{K) it follows that D{K'' ) D D{K). In particular D[K'^) includes 
the L?'{rdr) functions with two derivatives which in a neighborhood of the origin are equal 
to r"^^*^ with e > and this implies according to eq.(0) that D{[K'^)'^) = D{K), in other 
words K defined on D{K) is a closed operator. 

D{K'') properly contains D[K) and thus K is not self-adjoint and now we look for 
all possible self-adjoint extensions of it. As K defined on D{K) is a closed operator we 
can apply the standard theory of self-adjoint extensions. We must look for the L'^{rdr) 
solutions of (K^ ± i)C, =0. As is a real operator the dimension of KeT{K'' — i) equals 
the dimension of Ker(fr^ + ^), which assures that there exist self-adjoint extensions of K. 
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We have only one L'^{rdr) solution of (fC^ — i)^o = and it is given by 

Co = r"-^ ( JJ—e'^r'^) - e-'"^ JJ—e'^r'')) = ^ sin(z/7r)r"-^if(^)(— e'^r") (20) 
\ a a J a 

while the solution of (JC^ + = is obviously given by its complex conjugate. 

The general theory of the self-adjoint extensions of a symmetric operator [|1^ tell us 
that we have as many extensions as the unitary maps between Ker(i^"'"— i) and Ker(K"''+i). 
Therefore in principle, if for a given a there are / values of m for which —l<u<l, then 
we have an Z^-dimensional family of self-adjoint extensions. 

On the other hand if we want to preserve invariance under rotations around the tip 
of the cone, we can mix only solution of Ker{K'' — i) and Ker(K"'' + i) with the same 
angular momentum. Thus we are left only with an Z-dimensional family of self-adjoint 
extensions. 

The domain of such self-adjoint extension is given for each partial wave by D{K) © 
(e*^^o + e~*^^o)- This is completely equivalent to add to the initial domain D{K) the 
L'^{rdr) functions which at the origin behave like r"~^(ar~°'^ + br°"^) with | real and 
fixed. One can easily check that despite having introduced a singular behavior at the 
origin, in passing form {ri,K^) to {Kri,^,) the integrations by parts are carried through 
without leaving boundary terms. 

We now impose that K = L"^ ■ L, i.e. 

Im(L) C D{L^). (21) 

We shall show that eigenfunctions of the type aJ^y + bJ^,y violate this requirement. In fact 
given 

we have 

poo 1 

(eA',i^a)=/ drr{Li^,)e~^'^{Li,) + -ah{l-a-m). (23) 
Jo I 

The requirement G L^(e~^'^r dr\ i.e. that the integral on the r.h.s. of eq.(p3D converges, 
imposes that for < z/ < 1, 6 must be taken equal to zero. Thus the values of v for 
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which the choice is ambiguous is (—1,0). Furthermore from eq.(|23|) the imposition that 
K^x) = {L^x', L^x) imposes that either a or 6 equals zero. 

In conclusion the requirement of self-adjointness of K, imposes on each partial wave 
for which two independent eigenfunction exist, a universal linear combination of them, 
while the requirement that K = L'^ ■ L reduces the choice either to the regular or to the 
irregular solution. Such a choice exists only for — 1 < z/ < 0. 

We now examine how the imposition of the Riemann-Roch theorem is able to further 
restrict the choice of the self-adjoint extension of K. The Riemann-Roch theorem for a 
2-dimensional compact surface states that 

dim (ker P) - dim (ker P^) = 3x (24) 

being % = 2 — 2/i the Euler characteristic of the surface of genus h. With L and L"!" referred 
to the whole manifold we have 

= Zk{0) + dim (ker L) = Zh{0) + dim (ker L^). (25) 

We recall that K = VL, H = W and the constant coefficients in the 

asymptotic expansions of the trace of the heat kernels /C(t) = e~*-^^^ and 7i(t) = e~*^^^ 
for small t. 

The spectra of K and H coincide except for the zero modes, hence Zk{0) = Zh{0). 
Since the same treatment can be applied to the operators L and Lt acting on and on 
hojui with the same results, we have 

2(c^ - c^) = dim (ker (P^P)) - dim (ker (PP^)) = 3x. (26) 

So we must check whether on our singular manifold the relation 2{cq — Cq) = 3% is 
satisfied. Due to the local nature of the coefficients in the asymptotic expansion of the 
heat kernel, in order to respect the Riemann-Roch result, we need for a single conical 
singularity 

2(4-c^) = 3(l-a.). (27) 
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We shall see that this requirement selects unambiguously the domain of self-adjointness 
of i^' for i < a < 2. 

We note that the choice Vm 



ni±^^ for m > 0, 



m+a—l 



for m < 0, in the 



interval | < « < 2 satisfies the discussed requirement of self-adjointness of = ■ L, 
as it chooses functions which are and are never mixtures of a regular and a singular 
solution. 

In appendix |B| we report the calculation of for a generic phase shift 5 (i.e. Um = 



Using 



— , m < 0). With the above choice 5 = a — 1, we obtain 
l-a^ (a-l)(a-2) 



with 7m = I^m + 1 for Urn = 

eq.O i.e. 



,2\c 

'A — ^ 

a 

m+a—l 
a 



12a 



+ 



2a 



const e*("+^)'^r2(°-i)X 



,2Ac 



a 



and 7n 



- 1 for z/„ 



m+a—l 
a 



(28) 

(29) 
is given by 



12a 



a^ ^ {2a - l){2a - 2) 



2a 



Taking the difference we have 



2(c^-c^) = 3(l-a) 



(30) 



(31) 



in agreement with the Riemann-Roch theorem. The other possible self-adjoint extensions 
of = • L differ from the previously described one by replacing for — 1 < z/ < a 
singular (regular) solution with a regular (singular) one. 

For i < a < 1 we saw that the choice of the singular eigenfunction satisfies the 
Riemann-Roch relation. Replacing it with the regular one amounts to change a term in 
the sum eq.( |132|) , i.e. the term corresponding to m = given by 



with 



a 



a 



1 — a 



a 



l-2s 



+ S 



l-2s 



+ S 



a — 1 



a 



1 — a 



a 



-l-2s 



(32) 



(33) 
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which in the hmit s gives 



Aco^ = cf-c^ = ^. (34) 

a 



The change in the eigenfunctions of K determines a well defined change in the eigenfunc- 
tions of H according to the eq.(p9D, giving 



Ac^ = c'^-c^ = ^ + l. (35) 

a 

Taking the difference we have 

A(co^ - c?) = -1 (36) 

thus giving rise to a violation of the Riemann-Roch relation. Similarly for 1 < a < | we 
find that the alternative choice gives 

A(c^ - c^) = 1- (37) 

For I < a < 2, we have 3 alternative possibilities due to the fact that we have two angular 
momenta m = — 1 and m = —2 with two acceptable eigenfunctions. Substituting in our 
expression one of the two eigenfunctions with the alternative one, we obtain the same 



violation of eq. (|37|) , while substituting both, the result is 

A(c^ - c^) = 2. (38) 

In conclusion in the interval | < a < 2 the imposition of the Riemann-Roch relation 
singles out a unique self-adjoint extension of K and H. We come now to discuss a < | 
and a > 2. For « < | and m = we have a unique eigenfunction which corresponds 
to choosing J-ug, which as we have just seen, see eq. (p6D , violates the Riemann-Roch 
relation. 

For a > 2 the requirement of summability on the eigenfunctions requires some 
terms with index in the second sum appearing in eq.( |132|) , to be substituted by 
the corresponding ones with index Each of these shifts gives rise to a violation 

of 1 in the Riemann-Roch relation. In addition for the angular momenta for which 
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1 — 2a < m < 1 — a, where two independent function exist, each further allowed shift 
from the second to the first sum gives rise to an additional violation of 1. Thus outside 
the interval | < a < 2 is not possible to satisfy the Riemann-Roch relation within the 
realm of L^-functions. In appendix |C| we shortly report the calculation with the regulator 
technique, which gives the same result. 



3 Sphere topology 

We recall that in two dimensions, modulo diffeomorphisms, every metric can be given 
in terms of a background metric of constant curvature multiplied by a conformal factor 
dfiu = G^^Qiiv We start with the topology of the sphere. The usual choice is to describe 
it through a stereographic projection on the plane, with g^^ = 6fj_^. Then for a Regge 
geometry we have 

iV 

= e2^° n 1^ - ^ = ^(^; Accui, ai) = Aq + " 1) log 1^ " ^^1 (39) 

i=l i 

with the restriction Yl!i=i{^ ~ ca) = 2, i.e. the sum of the deficits must be equal to the 
Euler characteristic. Due to the presence of 6 conformal Killing vectors for a manifold 
with the topology of a sphere, the gauge fixing is not complete, i.e. two different a related 
by an SL{2,C) transformation, describe the same geometry. The transformation is 

, ua + b oj'd — b 

UJ = , u = ; , ad — be = 1 (40) 

UJC + d —uj'c + a 

and a goes over to 

cr'(u;'; Ao,cUi,ai) = a{uj{J)]\Q,uJi,ai) + log|^| (41) 

= -^0 + Z^("* - 1) log ; — \ uJi] - 2log\cuj - a 

^ —uj'c + a 

-iM luj'd - b - uAa - uj'c)\ J^, , 

= Ao + - 1) log , + E(«i - 1) log + d\ 

i=i \uJiC + d\ .^^ 

N u-a + b ^ 
= -^0 + Y^{oii - 1) log \uj' — — I + E(ai - 1) log \ujic + d\ 
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having used — = 2. The new conformal factor is given by 

a'{u'; Ao, Ui, a^) = a{uj'; X'q, uj[, a\) (42) 

with 

AT 

= An + Vfo-.- - 1'llnp-|(.;.n + r^L iJ. = , 

CUJi + d 



A'o = Ao + - l)logl^*c + rf|, t^- = — ^— , a[ = ai. (43) 



Under such transformation the area A 

A = e^^^^ J d^ooloo - oo^l^^'^^-'l (44) 

being a geometric invariant is left unchanged. We notice that the number of physical 
degrees of freedom is the same as the number of links in the usual parameterization of 
a Regge surface. In fact from the Euler relation F + V = H + 2 with H = |F we get 
H = 3V — 6, where —6 corresponds to the 6 conformal Killing vectors of the sphere. 
In the neighborhood of Ui the conformal factor can be rewritten as 

|cu-cji|2("'-i)e^^^ with A, = Ao + ^(aj - l)log|cjj- (45) 
In working out the r.h.s. of eq.(|l5) it is simpler to use cartesian coordinates given by 



z = —{uj — uji)°'' with = e^^ {uj — uji)°'' To a variation 6Xi and 6ai there corresponds 



a variation in a 

5a{z,z) = log I — I = {5K - A,^) + ^log(«,|^|) (46) 

az a-i ai 

and substituting in eq.(|ll|) we have, taking into account that on the sphere there are no 
Teichmiiller parameters 

^fi% = ^^^'^ + ^ I (^^^ - ) - ^'^^^ 



+Finite 



4— /(i^x log(ai|x|) /Ca,(x, e) - 2— [d'^x log(ai|x|) 7^c,^(x, x, e) 
a,- J a,- J 



where from eqs.(^), (pO|) 



1 3 1 

D a,; 
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A differential of tliis structure can be integrated. In fact tlie expression in tlie square 
brackets depends only on tfie ai separately wliile one can write P| 



{5\i - Aj— )(— - ai 

Gil G^-} 



6 



a, ) A, 

a,- 



2Sai\i 



(49) 



and as Y^iLi ^'^i = 



"^SaiXi = ^^Oi ^(oj - 1) log 



(50) 



due to the antisymmetry of S(\og \ u!i — ujj\) in Thus 

N N 

6aiXi = - l)('^Ai - 6Xo) 



(51) 



i=l 



i=l 



and then 



N 



N 



N 



N 



^(ctj - l)(Ai - Ac 



.1=1 



(52) 



i=l i=l i=l 

All the above reasonings refer to the operator L'^L acting on the field ^. The same 
treatment is to be applied to the field and so one has to multiply the result by a factor 
2. The final result for the determinant is 



log, 



det^(Ptp) 
\j det(0a,0b) 

26 J ^ (1 - a,;)(l -aj) 1 
TT^i Y log \wi - Wj\ + XoYi(^i )-Z^^("i 



where F{a) is given by 7^0^(0) added to the primitive of 
■4 /• ,0 2 



(53) 



Finite 



4 /■ ^ /" 

— / (i^x log(a|x|)/C„(x, x; e) / (i^x log(a|x|)7-^Q,(x, x; e) 

a J a J 



(54) 



(see appendix for an integral representation of these terms) . By direct substitution one 
verifies that eq.(|53D is invariant under the SL{2,C) transformations (|^). 
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We notice that apart from the term Y.f=iF{ai) eg. ([53|) is exactly —26 times the 
conformal anomaly for the scalar field as computed by Aurell and Salomonson 0. In the 
continuum limit — oo, the cUi become dense and the — 1, always with — a?) = 

2. In such a limit SiLi F(ai) goes over to the topological invariant F(l) — xF'(l), while 
the remainder goes over to the well known continuum expression. In fact we have 

^\og\uj - Lj'\ = ^{uj,J) (55) 

and for any region V of the plane u 

I d^ioe^^R = -2 / d'^iuDa = 47r ^ (1 - a^). (56) 



Thus the r.h.s. of eg . (1531) goes over to 

26 r /■ .o .o , , 1 , , A_ 



J d'ood'uj' {^R)^^{uj,uj'){^R)^, - 2(log^) J d'oo^R^ (57) 



967r 

where Aq is the value of the for Ao = 0. 



3.1 Integration measure for the conformal factor 



We work out the functional integration measure T>[a] appearing in appendix ^ in the 
Regge framework. The distance between two nearby configurations cr and a + 6a is given 

by 

{5a, 5a) = j d^u} e^" 5a 5a . (58) 

Such an expression is a direct outcome of the original De-Witt measure (|113| ). 

From eg. (^Sj) it follows that having parameterized the Regge surface by means of the 
3A^ variables Pi 

{Pl, • • • , Pzn} = {^^l,x, ^\,y, ^2,x, ^2,y, • • • , ^N,x, ^N,y, Aq, «!, ^2, • • • , "Af-l} (59) 

T>\a\ is given by 

V\a\ = ^ d'^tOk n daidXo Vdet J (60) 

k=l i=l 
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being J the 3A^ x 3A^ matrix 



da da 



dpi dpj ' 

with = J2f=i'i^ — ttj) — 1. We recall the expression for a 

N 

g2.^g2Ao-Q|^_^^|2(a,-l)_ 
i=l 



(61) 



(62) 



Eq.(|61|) can be given a more transparent form by doubling the number of variables, i.e. 
using cufc, cDfe, Ao, Ao, ttj, and introducing a new conformal factor 



and computing 



gO-{p)+o-(p) _ gAo+Ao 



A 



N 

Y[\lj -Ui 

i=l 



^2^g<x{p)+a(p) 



(63) 



(64) 



which is the area of the Regge manifold described by the 6A^ parameters p and p. 
It is easily verified that 



J i' 



dpidpj 



(65) 



J Jp=p 

Being a = Aq + | Y.iLii'^i ~ 1) log l'^ ~ '^iP obtain 



da 



da 1 ^ . ,2 1 1 I i2 

— = -\og\uJi - uj\ - - log u;Ar - , z < iV - 1 

dui 2 2 

da 



(66) 



d\n 



that substituted in eq.(|6TD with e^'^ given by eg. (|62D give all elements Jij. 

Each row J^j^^^pj contains a factor — 1. Due to the multi-linear property of the 
determinant in the rows, det J will factorize a factor niLi(Q^i ~ 1)^ i-e. 



N 



detJ=Y[ia,-iyF{p). 



(67) 



i=l 
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The vanishing of det J whenever an ctj equals 1 is expected from the fact that in such 
situation the position of the vertex i is irrelevant in determining the metric. 
A measure of the structure 

N N-l 

(itUj^i^fitUj^y Y\_ daidXo \Jdet{J) (68) 
i=i j=i 

with J given by eq.(^) is invariant under the SL{2,C) transformations 

, LJitt + b 

= ; 

uJiC + a 

N 

A'o = ^ + - l)logl^iC + rf| (69) 

i=l 

a[ = a,, ad — be = 1. 

In fact A is an invariant 

A{p) = A{p'), A{p,p) = A{p',p'). (70) 

Then 

d'^A ^ d^A /dp^\ /dp[\ 

dpidpj * ^ dp'f^dp'i \dpi J \dpj J * ^ 



and for p = p we obtain 



'dp'k 



VdetJ = Vdet J' det ( ^ j (72) 



which proves that VdetJ Ilffi dpi = VdetJ' n?fi dp'^. 

We notice that all Jij are given by convergent integrals except those involving two Ui 
with the same indexes, which converge only for > 1. For example we have 



= tti - 1) due — (73 



and the behavior of e^'^*^'^^ in the neighborhood of cui is e'^^''\uj — cUip*^"'^^-*. However for 
ttj — ^ 1"*" the term (^) does not diverge, actually goes to because of the presence of the 
factor (ctj — 1)^. Thus for these diagonal matrix elements we must consider the analytic 
continuation for ctj < 1 and prove that such continuation is invariant under SL(2,C). 
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Setting 6i = 1 — ai, the analytic continuation of 



J..,...,. = S't I S^e-^^^^^ (74) 



for 5i > is given by 



b1 J <fu [e^^o Ylj^i \uj - Uj\-^^^ - e2A.e-l— »l 



\Ul! — UOj 



+f^(-5,)5^''^ (75) 
We saw above that the transformation law 

aA^^ , dX' 

due to the invariance of the area A, holds in the convergence region, i.e. for i j and if 
i = j for 6i < 0. As |^ does not depend on the a, and is a linear function in the 
aj (see eg. (|69D), the relation holds also for the matrix elements continued for 5j > 0. On 
the other hand the validity of eq. (|76|) implies eq. (|72D . 

In det J one can separate the dependence on Aq and on the harmonic ratios of the Ui 
by writing 

VditJ = e^^^W n - ^3?^^'- (77) 

i,j>i 

From eg. ([72|) , under SL(2, C) transformations (|69D, we have 

N 



VdetJ' = VdetJ Y[\u}iC + d\^ (78) 

i=l 

which using eg.(^) becomes 

N 

e^^^'ow' n H - m'^" = e=^^^w n - n i^^* + ^i'- (79) 

i,j>i *J>* *=1 

In order to have W = W the must be chosen to satisfy 

n \{ujic + d){ujjc + d)\-^''^^ =ll\uJiC + d\^+^^^'' (80) 

i,j>i i 
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I.e. 

E/5.. = -(2 + ^W- (81) 



A particular solution of eq. is 



N 9 9 

Pi, = -——(— Si-SA —. (82) 

2A^-2^iV-l ' N-1 ^ ^ 

The conclusion is that J can be written as 

j = e^NXoy^2 -Q |^^_^^.|4ft. (83) 

i,j>i 

with a function of only uji and ctj which is invariant under the full SL{2, C) and thus 
function only of the harmonic ratios of the Ui. 



4 Torus topology 

The most general metric, modulo diffeomorphisms, is given by a flat metric g^u{'^i,T2) 
times a conformal factor e^"". ti and T2 are the two Teichmiiller parameters in terms of 
which, with t = ti + iT2, 

ds^ = dx^ + 2Tidxdy + |rp(i|/^ (84) 
and the fundamental region has been taken the square 0<x<l,0<?/<l. We recall 



the expression for the Green function of □ on the torus [O using cu = x + ry 



DG{uj - uj'\t) = 6\lj - u') - ^ (85) 



G{u - uj'lr) = I log ^-^^^ - (86) 



T2 



2t2 



00 

i-KT 



being ■(9i(u;|r) the Jacobi i^-function and 

r^(r) =e^ n[l-e''""1- (87) 

n=l 

From the written Green function and using 
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it follows that the conformal factor a, in presence of angular deficits 27r(l — concen- 
trated at the points Ui is 



N 



log 



i=l 



'dUu - ujAt) 



ri{T) 



^2 



^9) 



Thus the physical degrees of freedom are 3A^: in fact in addition to the 2N Xi, Ui we 
have N — 1 independent angular deficits ~ 1) = 0), two Teichmiiller parameters 

and Aq, to which we must subtract the two conformal Killing vectors of the torus. We 
have the same number of physical degrees of freedom as the number of bones in a Regge 
triangulation of the torus with N vertices as it can be easily checked through the Euler 
relation for a torus [F + V = H = 3F/2, from which H = 3V). 

The derivation of the Liouville action proceeds similarly as for the sphere. Eqs.(^), 
(^Sf ), (|49|) are unchanged. The main difference is given by the form of Aj, defined as before 
as e^^^ = \im^^i^.{e'^"\uj — cjjp^^""')). From eq.(p9D we have for the torus 



Ai = Ao + 5] 27T{aj - l)G{uj, - uJj\t) + {ai - 1) log \27Tr]\T)\ . 
Now proceeding as after eq.(^9D 



N N 

^fci Ai = 

i=l i=l 



'^2n{aj - l)G{uji -cUj|r) 



N 



^(a,-l)Mog|27rr/2 



.1=1 



and then 

N 

2^5ai\i = 5 

i=l 



N N 

i=i j^i 



i=l 



(90) 



(91) 



(92) 



having used Z]ili(«j — 1) = for the torus. 
The final result is 



log 



det'(Ptp) 



log 



with 



det(0a,06) det{iJi,iJk) 



det^(Ptp)- ^ 26^^ 

^ det(0a, 4>b)g det{ipk, 'ipi)^ 12 



(93) 



log 



+ (Ao-log|27rr^2|)^( 



r]{T) 



TT 



r2 



(94) 
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This action is obviously invariant under the translation uoi ^ uoi + a (with complex 
a) corresponding to the two conformal Killing vectors of the tours, and compared to the 
sphere topology is no longer invariant under dilatations, rotations and special conformal 
transformations. 

In the continuous limit eq.(p^) goes over to the well known expression 

j (fu(fuj' {^R)^^{u,u'){^R)^, (95) 

4.1 Modular invariance 



The partition function is given by eg. ( |125|) 



V[a] 



det'(Ptp)^ 



v{t) \ det(0a,0b)gdet(?/'fc, 



det {jp„ 



dg_ 



ei2 



Si 



where for a torus (for a detailed discussion see 11^) v{t) = T2 and 



det( 



const Tn 



dg 



det(V'm, -— ) = const 
It is well known that the expression 



det'(Ptp)^ 



v{t) \^ det(0a, (l)b)g det(?/'fc, 
is invariant under the modular transformation 



det{;ipk^ipi) = const r| 
[det'(Ptp)], = r||r^(r)|8 



det(^/'m,-— ) = const \ti{t)\' 



ra + b 



T > T 



(96) 



(97) 



(9^ 



(99) 



TC + d 

with (a, b, c,d) E Z and ad — be = 1. Thus we are left to prove the modular invariance of 

This is achieved by accompanying the change in r by a proper change in the integration 
variable Ui, Aq given by 

UJ 



UJ 



TC + d 



A'o = Ao + log |rc + d\ . 



(100) 
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The last equation follows from the transformation of (j{uj\ Aq, cuj, on-, t) under a change of 
coordinates 

dui 



(t'{u'] Ao, Wj, ctj, r) = a{u{uj')\ Aq, Wj, a^, r) + lo^ 



(101) 



cr((rc + d)uj'] Ao, cuj, Oj, r) + log |rc + (i| = Ag, w^, a^, r') 



keeping in mind eq.(89) and the modular invariant G{uj — uJi\T) = G{uj' — uj'i\T'). 

M) because of the 



Si, as given by eq. (|9^) , is invariant under transformations (|10i 
just cited modular invariance of the Green function and because 

( ar + h 



V 

compensates the change in Aq. 
Also we have 

N 



CT + d , 



N-1 



N 



N-1 



i=i j=i 
In fact from the invariance of the area 



i=l 



N 



M(t) 



d^co n 



^2n(ai-l)G{LLi-oji\T) 2n(ai-l)G{LLi~uji\T) 



under the transformations 



00) it follows 



11 ^zi^ = 11 TwT^^^^i 



This concludes our proof of the modular invariance of eq. 



(102) 



(103) 



(104) 



(105) 



5 Comparison with the smooth limit 

One might ask how far one can reach the results (0), (p3|), starting from the Liouville 
action for a smooth a 

J d'^u{-aDa + /x^e^'^) = J d^uj{-aDa) + y?A (106) 
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and then taking a proper singular limit. One should construct a smooth surface depending 
on an invariant parameter p such that for p — > it tends to our Regge manifold with 
vertices at uoi and angular openings This is a not trivial task; nevertheless we shall 
show that a rough cut off procedure reproduces the main features of formulas (0), (p3|). 

For some aspect the problem is similar to that of electrostatics when one takes the 
limit of a continuous distribution of charge to a point-like distribution and the infinities 
arising from the self energies are removed. The difference is that in our case it is difficult 
to implement an exact cut off that is a geometric invariant in presence of more than one 
singularity. 

We shall regularize at an approximate level the tip of the cones with segments of 
sphere (or pseudosphere) all with the same radius of curvature p/2. The conformal factor 
describing a sphere of radius p/2 around Ui is 

= T. 7k^ ^ (107) 

(1 + (^)2|^_^^|2)2 

for which R = -2e-'^''na = 4- 

R is constant within a region |ti; — tUjl < r^, where Tq is related to the deficit angle by 

9 p^ 1 — a , , 

In presence of more than one singularity we shall impose that the conformal factor a for 
|u; — cjjl > ro goes over to 

cr = Xo + {ai- 1) log \uj -uji\+ ^{aj - 1) log \ujj - uji\ . (109) 
Thus for \uj — uji\ = Tq we have 

logfc = -^[log4 + 2Ao + (ai-l)(logp2 + log(l-a,)) (HO) 
2 a,- 



-(a, + 1) log(l + ai) + 2 - 1) log 



UO — UOj 



Integrating aUa over the region V around Ui of non vanishing curvature, we obtain 

— / aUa(fuj (111) 
271 Jv ^ ' 
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= - E "^^^^ log k - ^.1 + E + Ao(- - 1) - ^(1 - logp^ . 

ttj i C(i zai 

Similarly one works with a > 1, i.e. with negative curvatures, obtaining the same result. 
The considered approximation, after removing the divergent terms ~ logp^, misses with 
respect to the exact expression (|53|) the term — Aoftj which is here replaced by — Aq. This 
is obviously due the approximate matching of the internal to the external metric. We 
stress that, contrary to the exact expression (|53D, the approximate equation ( |111| ) is not 
invariant under SL{2,C). 

6 Conclusions 

Applying to the Regge surfaces the conventional definition of diffeomorphisms we have 
derived the analogous of the Liouville action for the discretized case. Such results are ex- 
actly invariant at the discretized level under the SL{2, C) group for the sphere topology 
and under translations and modular transformations for the torus topology. In the contin- 
uum limit they go over to the usual continuum results. For the sphere the action is given 
by eq.(l^) and for the torus by eqs.(p3D, (pi]). The integration measure for the conformal 
factor is provided for the sphere topology by the determinant of the finite dimensional 
matrix Jij eq.(p5|) and for the torus topology by the analogous expression obtained from 
the area A given by eq. (|104|) . One could subject the partition function to numerical 



computations. The action, even though non local (as one expects from a functional de- 
terminant) is very simple especially for the sphere topology. Probably the difficult part 
for a numerical simulation is the evaluation of the finite dimensional determinant det Jij. 



The developed approach can be extended to any dimension However it appears 
very hard to provide an explicit expression for the analogous of the functional determinant 
(H); in fact for D > 3 it is unlikely that the computation of such a determinant can be 
reduced to the evaluation of local quantities as it happens for D = 2. 

Acknowledgments. We are grateful to A. D'Adda for pointing out to us reference 
[2| and to M. Mintchev for interesting discussions. 
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A Two dimensional continuum gravity 

In the text we refer repeatedly to the continuum formulation; thus we report here a concise 
derivation of the main formula following the classical papers of The starting point is 
the formal functional integral 

J Vgc 

where Vqc is the volume of the general coordinate transformation. For the distance in 
the space of the metrics one adopts the De Witt metric 

5g,,) = J^d^x 5g,,G^^^^^'^'5g,,,: (113) 

The most general metric can be written uniquely as 

g^u = rie^'-giT)),, = g,^.{a, r, /) (114) 

where / is the general diffeomorphism orthogonal to the action of a conformal transfor- 
mation. A variations 6gf^i, of the metric can be decomposed into a Weyl transformation, 
plus a coordinate transformation plus a change in the Teichmiiller parameters 

= V^e. + V^f. + 2r6a g^, + (115) 



where 



We shall find 



V[g]=V[~f]V[a]dnJ{a,T) (117) 
where J does not depend on /. If now one integrates a diff-invariant quantity JF, we have 

jv[g]:F = jv[f] |||flp[a]rfr, J(a,r)^. (118) 
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In order to find J let us write, using the standard normalization 



e 2 



(119) 



X exp 



1 



{6(T, (5cr) 



liPi, Pi) - ^((1 - Pj^p^)kU, ((1 - Pj^p^mpsnsr, 



where in the first two terms, invariance of the measure on the tangent space under trans- 
lations has been used and J does not depend on /, due to diff-invariance; 1 — P-^P^ is 
the projector on the zero modes ipi of P^. Taking into account that ipi are traceless, we 
have 

1 = J((T,r)[det'(ptp)]-i[det(V^^, |^)]-i[det(^fc, V^^)]^ • (120) 
Finally one must compute 

Jv[f]/V[f]. (121) 
This can be achieved by the following change of variable 



V[f] = V[f]Udw, K 



(122) 



where Wc are the normal coordinates associated to the N conformal Killing vectors (^a 
(which satisfy Pi^e^'^cpa) = and as such do not depend on a, see eq.(|^)). In order to find 
K one computes on the space tangent to the diffeomorphisms 



(123) 



r 1 ~ ~ 1 

V[^] Y[dSWcK exp --{^,0g - -i4>a,4>b)gSWaSWb 

c L / / 



Thus 



const K[det{(j)a, (j)b)] ^ ■ 
=v(T] I V[f][det{(Pa,<Pb)]K (124) 



V[f] = J dw,J V[f] det(0„0, 

being v{t) the volume of the group generated by the conformal Killing vectors. From 
eqs.([TTEO, (|T5D|), (|m]) one can write § 



V[g]J-= Jv[f] jv[a] 



dTj 
v{t) 



det' (Ptp) 



det {ipn 



dg 
<9r„ 



(125) 



_det(0a,06) det{ilJk,ipi) 

We recall that v{t) and det{iprn, ■§^) do not depend on a but only on the Teichmiiller 
parameters Xj, while the remaining square root is the exponential of the Liouville action 
multiplied by the same quantity at cr = 0. 
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B Asymptotic expansion of the heat kernel 



In this appendix we summarize the computation of 2/^(0), where Hj^(s) is given by 

^k{s) = —- / t^-iTr(e-*^)rft, (126) 
1 [s) Jo 

employing the direct method of Cheeger [|18| that does not involve contour integrals. 

The trace Tr involves also the summation on the angular momentum m. In such 
a sum is split into two parts, which give rise to contributions to Hx(s) that are analytic 
in two non overlapping vertical strips in the complex s-plane. Hx(s) is defined as the sum 
of the two analytic continuations. 2^(0) is given by the constant term in the asymptotic 



expansion of the trace of the heat kernel. Furthermore in [|18l it is proven that 



Ek{s) = Tt{K~') (127) 

as can be expected from eq.( |126| ). 

In our case with K = L'^L, it is easy to prove from the choice of the eigenf unctions 
given in the text, that 

rRo poo 

TiiK-') = RdRj2j^ J^J\R)X^-^'dX (128) 

where for clearness sake we have explicitly indicated a space cut-off Rq, that will disappear 
in the value of Ek{0). 
Using the relation 

f j;(Afl)A'--MA ^ fi^'-" '^''^ + - (129) 



we obtain 



. (A- ^0 Tis-1/2) Tiu„,-s + l) 



For s — s> we have the asymptotic expansion 



' = -^-"(1 + s t ^u-^^ + 0{s^)) (131) 
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with Bj the BernoulU numbers (for the BernouUi numbers and polynomials we use the 
notation of |]l9l)- In the limit s — > 0, z/^ = for m > and z/^ = — for m < 0, 
taking into account that ({u, a) has a simple pole only at m = with residue 1, we have 

^k{s) - -I (f:[(^)^'" + s{^r-'^B,] (132) 
2 a a 

+ f:[{^Y-'' + s{^)-'-''BA 

n=l « « J 

= -^[a2^~^C(2s -1,5)+ B2S a^'+\{2s +1,6) + a^'-^C{2s - 1, 1 - 5) 
+B2sa^'+\{2s+l,l-6)]. 

Recalling that B2 = |, lim.^o sC(l + 2s,5) = 1 , C(-l, v) = = -^v^ - v + J) we 

have 13 

If instead of K = L'^L we consider H = LL'^ with eigenf unctions given by h\ = L^x, 
due to the tensor character of hx and the corresponding measure (P) we have 

Enis) = Ti{H-') = RdR {\R)\^'^'d\ (134) 

JO Jo 

with 7m = i^m + 1 for = '""^"""^ and 7m = i^m — 1 for Um = — ^'^^"^ ■ It corresponds to 
change 6 into 5 + a in eq.(|133|), thus obtaining 



^ _ 1-^' I (5 + a)(5 + a-l) 

^^^°)-^2^ + 2^ • ^^^^^ 

We remark that S^(0) and "E^niO) are the constant coefficients Cq and in the asymptotic 
expansion of the trace of the heat kernels /C and Ti. 



C Regularization of conical singularities 

In the text we gave the general analysis of the self-adjoint extensions of the L^L and 
we showed that the imposition of the validity of the Riemann-Roch relation fixes a well 
defined form on the eigenfunctions for this operator in the interval | < a < 2. Here 
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we shall derive briefly the same result using a more conventional method, i.e. that of 
regularizing the conical singularity. The regulator we shall use is to replace the tip of the 
cone with a segment of a sphere (or of the Poincare pseudo-sphere) connected smoothly 
to the remaining part of the cone. In such a scheme the eigenfunction problem can be 
solved exactly. The form of the eigensolutions on the cone will be fixed by taking the limit 
where the radius of the sphere (or pseudo-sphere) tends to zero, keeping the integrated 
curvature fixed. 

A sphere of radius |p of constant curvature R = —2e^'^^Da = 8p^^ or the pseudo- 
sphere of constant curvature R = —8p^^ are described on the tu-plane by the conformal 
factor e^°" = (1 ± uu)^"^ with u = uj/p. Similarly a cone is described by the conformal 
factor e^*^ = c'^{uju)'^~^. The radius at which the sphere connects to the cone will be 
denoted by tq = pvo, (r = \uj\ and v = \u\). c is fixed by the matching condition 

il±{jJ)-' = c'irlr-\ (136) 

from which we obtain c = — - — k. The integrated curvature on the segment of the 
sphere (pseudo-sphere) between r = and r = tq is given by ±87rt>Q/(l ± Vq). Imposing 
this quantity to be equal to 47r(l — a) (i.e. to the curvature concentrated on the tip of 
the cone) fixes the value of tq = pvo to 

Vq = — the sphere (0 < a < 1) (137) 

and 

fg = — -j-y for the pseudo-sphere (1 < a). (138) 

From eq. (|137|) and eq.( |138|) we see that a segment of sphere or pseudo-sphere with given 
integrated curvature is described by a fixed value vq, corresponding to tq = pvQ. 

We shall now find the eigensolutions of L^L on the sphere or pseudo-sphere and then 
we shall connect them smoothly to those on the cone. Let us consider first the case of 
positive curvature. Using eqs.(P), (0), (0) the general eigenvalue equation 



e 



-2-Lte'"Le-2- ^ = A^^ (139) 
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becomes 

+ + (1 + x)(3x + 1)^ - ""'^^^^ ""^^ + ^(1 + a;) + 2 + Avj e^"^) = 

(140) 

where we have set ^ = e*"*"^^ and x = = cjcj. Such an equation has three regular 



singular point and thus can be solved by standard methods |19|. We find 



m>0 ^i^) = j^—^ ^F^{-f^ + 2,l--f^■l + m■^—^) (141) 



m<0 ^M = y-m 2^1(71, -l-7i;l-m; 



1 + 



where 71 = ^(—1 + J9 + 4(pA)2 ). For = they reduce to 



On the pseudo-sphere we have 

m > e^-) = — 2Fi(72 + 2, 1 - 72; 1 + m; ) (143) 

(1 — V'j^ — 1 

^2 

m<0 ^M^^-m ^p^(^^^^_i_^^.i_^. 



where 72 = |(— I + a/Q — 4(pA)2 ). For = we obtain 



[1 — v^Y 1 — m [1 — m)[l — m) 

As we know from eq.(^5|) the general eingensolution on the cone for orbital angular 
momentum m has the form 

= V--' [a{p)J,{2p\pv-) + h{p)J^,{2p\pv-)] (145) 
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where 7 = and p = ■ The coefficients a(p) and 6(p) are fixed by requiring 

the continuity of the logarithmic derivative of e"^*^^ with respect to at |ci;|= tq. In fact 
from the structure of eigenvalue equation e~^'^^e^'^^e~^°'^ = — A^^, we see that failing 
to satisfy such a condition would produce a singular contribution at the matching point. 

Let us see what is the form of the eigenfunctions on the cone fixed by the matching 
condition in the limit when the regulator p tends to 0. 

We consider first m > 0. For small p the interior solution multiplied by the factor 
e~^°" becomes 



VI ± uuj 



(146) 



while the exterior solution multiplied by the conformal factor e becomes 



{pxyaipy [co + c,{pxy{uur + o{{pxr)\ + {px)-^b{p)u-"' [{uuy-'' + o{{pxy 

(147) 

We notice that the lowest order in pX in the first term of eq .( 11471) h^'S vanishing 
derivative with respect to u. Thus the continuity of the logarithmic derivative for small 
pX takes the form 

p p a{p)C3 + C4b{p){pX) 

which gives 

KpI ^ {pXf^'\C, - kC,) _ ^^^g^ 

a{p) k{pXyc4, - C2 
Thus for m > we see that for 2 + 27 > 0, i.e. a > |, b{p) vanishes when the regulator 
is removed at constant integrated curvature. 

Similarly one can deal with m < 0. In this case the derivative of the interior solution 
multiplied by the conformal factor tends to a finite limit for (pA)^ and the analog of 
equation ( |149| ) is 

a(p)_ ^ (c5 - A;iC7)(pA)-^^ ^^^^^ 

b{p) kics - CQ^pXy 
Thus for m < we have a(p) for 7 < 0, i.e. for a < 2. 

Thus for the opening of the cone a with | < a < 2, as the regulator is removed, only 
the term J m+c-i survives for m > 0, while for m < the surviving term is J m+^-i . This 

a a. 
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is exactly the same result obtained in sect. by imposing the Riemann-Roch relation. 



D Integral representation of the heat kernel 



We give here the expressions of the integrals appearing in eq. (^4D . Let us consider |T0 



ir„,,(x,x';t) = — + -— ^ / dC "^^ ™^^) . (151) 



47rt IGin^atJv sin 

where is the polar angle associated to the vector x and the where the integration contour 
r is composed of the two lines which go from — vr — ioo to —it + ioo and from vr + ioo 
to vr — ioo. We have /Cq,(x, x';t) = /^q, a_i(x, x'; t) and 7iQ,(x, x';t) = i^'a 2a-i(x, x'; t). 
Evaluating the kernel ( |151| ) at x' = x we obtain 

ir„,,(x, x; t) = — + — ^ / rfC e-^'^ (1--^) . c (152) 
47rt Imn^at Jr sm 7?- 

2a 

from which 

Finitej^o J d'^x \og{a\x\)Ka,5{x,x; e) (153) 



(log a - y) 



^(^- 1) ^ 1 -g^ j ^ /-^^ e2^^(^^-^) log(l-cosC) 

2a 12a 16m Jr sin tt- 1 — cos C 

-I 2a ^ 



It is easily checked that the last integral converges for |25 — 1| < 2a + 1. We notice that 
in our range | < a < 2, the above inequality is satisfied both for 5 = a — 1 and for 



5 = 2a — 1. One can use the method of to write the integral of expression ( p.53| ) in ^ 
as a single integral of real function. 
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